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Remote Sensing with LiDAR
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LiDAR data

NSF  LiDAR data



Airborne LiDAR System: Overview
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LiDAR Pointing Mechanisms

LiDAR

Scanner: 
Flying Spot

Scannerless:
Time-of-Flight Camera

Avalanche Photo Diode: 
Photo by Radovan Blazek

Advanced Scientific Concepts: FLASH Lidar
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Range Extraction
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Approaches to Range Extraction

Discrete returns
(hardware based)

Full-waveform returns
(software based)



Time-of-Flight Imaging

Technische Universtat Munhchen



Processing
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Full-waveform
Range Extraction



Full-waveform Range Extraction

Discrete returns
(hardware based)

Full-waveform returns
(software based)



Some Methods of Range Extraction

 Gaussian Decomposition
 Hofton et al. 2000, Persson et al. 2005, …

 Expectation-Maximization Deconvolution
 Parrish et al 2007, Figueiredo and Nowak 2003

 Wiener Deconvolution and Decomposition
 Jutzi and Silla 2006

 Other methods
 Matched filtering
 B-Splines Approach

 Roncat et al.  2010

 Average Square Difference Function
 Wagner et al 2007



Gaussian Decomposition



Gaussian Decomposition

Each LiDAR waveform is a linear combination of 
Gaussian components.

ො𝑦 𝑡 =෍

𝑖=1

𝑁

𝛼𝑖𝑒𝑥𝑝 −
1

2𝜎𝑖
2 𝑡 − 𝜇𝑖

2

𝛼𝑖 = 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑖𝑡ℎ 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡
𝜎𝑖 = 𝑤𝑖𝑑𝑡ℎ 𝑜𝑓 𝑖𝑡ℎ 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡
𝜇𝑖 = position of ith component

Sources: References 4 and 5



Functional Diagram of Gaussian Decomposition
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Expectation Maximization
Deconvolution



Deconvolution: Determine x[n]

𝐺𝑖𝑣𝑒𝑛 𝒊𝒏𝒑𝒖𝒕 𝒚 𝒏 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑 𝑓𝑢𝑙𝑙 𝑤𝑎𝑣𝑒𝑓𝑜𝑟𝑚:

𝑦 𝑛 = ℎ 𝑛 ∗ 𝑥 𝑛 + 𝜂[𝑛]

where
𝒙 𝒏 is the full waveform representation of scene 
ℎ 𝑛 is system impulse response (optics, electronics, atmosphere)
𝜂[𝑛] is white Gaussian noise

estimate via deconvolution

𝒙 𝒏

which is the signal of interest.



Expectation Maximization (1/5)

Maximum Likelihood Expectation maximization
(hidden variables ℎ𝑖)

መ𝜃 = argmax
𝜃

෍

𝑖=1

𝐼

𝑙𝑜𝑔 Pr 𝑥𝑖|𝜃 መ𝜃 = argmax
𝜃

෍

𝑖=1

𝐼

𝑙𝑜𝑔 නPr 𝑥𝑖 , ℎ𝑖|𝜃 𝑑ℎ𝑖

Pr 𝑥𝑖|𝜃 = නPr 𝑥𝑖 , ℎ𝑖|𝜃 𝑑ℎ𝑖



EM and Full-waveform (2/5) 

Apply EM to
Mixture of Gaussians

Source: Prince



Expectation Maximization (3/5)

መ𝜃 = argmax
𝜃

෍

𝑖=1

𝐼

𝑙𝑜𝑔 නPr 𝑥𝑖 , ℎ𝑖|𝜃 𝑑ℎ𝑖

෍

𝑖=1

𝐼

𝑞𝑖(ℎ𝑖)𝑙𝑜𝑔 න
Pr 𝑥𝑖 , ℎ𝑖|𝜃

𝑞𝑖(ℎ𝑖)
𝑑ℎ𝑖 ≤෍

𝑖=1

𝐼

𝑙𝑜𝑔 නPr 𝑥𝑖 , ℎ𝑖|𝜃 𝑑ℎ𝑖

Set a lower bound to the above log likelihood, A, as follows:

A

A



Expectation Maximization (4/5)

𝑞𝑖 ℎ𝑖 = 𝑃 ℎ𝑖|𝑥𝑖 , 𝜃
[𝑡] =

Pr 𝑥𝑖 ℎ𝑖 , 𝜃
𝑡 Pr(ℎ𝑖|𝜃

𝑡 )

Pr(𝑥𝑖)

Set 𝑞𝑖 ℎ𝑖 with hidden parameters ℎ𝑖 as follows 

and maximize for 𝜃 as follows

መ𝜃[𝑡+1] = argmax
𝜃

෍

𝑖=1

𝐼

𝑞𝑖(ℎ𝑖)𝑙𝑜𝑔 නPr 𝑥𝑖 , ℎ𝑖| መ𝜃
[𝑡] 𝑑ℎ𝑖

E-step:

M-step:



Range Extraction with EM (5/5)

𝐸 𝑠𝑡𝑒𝑝: Ƹ𝑧(𝑡) 𝑛 = ො𝑥(𝑡) 𝑛 + ℎ 𝑛 ∗ 𝑦 𝑛 − ℎ 𝑛 ∗ ො𝑥(𝑡) 𝑛

𝑀 𝑠𝑡𝑒𝑝: ො𝑥(𝑡+1) 𝑛 =
max Ƹ𝑧(𝑡) 𝑛

2
− 𝜏𝜎𝜂

2

Ƹ𝑧(𝑡) 𝑛

ො𝑥(𝑡) 𝑛 is estimate of signal at nth iteration

Ƹ𝑧(𝑡) 𝑛 is estimate of missing data 



Wiener 
Deconvolution and Decomposition



Deconvolution

G𝑖𝑣𝑒𝑛 𝒊𝒏𝒑𝒖𝒕 𝒚 𝒏 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑 𝑓𝑢𝑙𝑙 𝑤𝑎𝑣𝑒𝑓𝑜𝑟𝑚:

𝑦 𝑛 = ℎ 𝑛 ∗ 𝑥 𝑛 + 𝜂[𝑛]

and
𝒙 𝒏 is the full waveform representation of scene 
ℎ 𝑛 is system response (optics, electronics, atmosphere)
𝜂[𝑛] is white Gaussian noise

estimate via deconvolution

𝒙 𝒏

which is the signal of interest



Wiener Deconvolution

𝑦 𝑛
Y Wiener

Filter
Fourier

Inverse

Fourier

Wiener Filter = 
𝐻∗

𝐻∗∙𝐻+𝛼∙𝑁𝑆𝑅

ො𝑥 𝑛
෠𝑋

𝑦 𝑛 = ℎ 𝑛 ∗ 𝑥 𝑛 + 𝜂[𝑛]

𝑁𝑆𝑅 ≜ 𝑛𝑜𝑖𝑠𝑒 𝑡𝑜 𝑠𝑖𝑔𝑛𝑎𝑙 𝑟𝑎𝑡𝑖𝑜

A

𝑦 𝑛 = ℎ 𝑛 ∗ 𝑥 𝑛

Estimate of x[n] 



Decomposition

Inverse

Fourier

ො𝑥 𝑛෠𝑋 Levenberg

Marquardt
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(previous slide)
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Sensor Coordinates to
Georeferenced Coordinates



LiDAR data: Georeferencing

<lat, lon, height>

NSF  LiDAR data



LiDAR data: Georeferencing

<lat, lon, height>

NSF data

rL
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Quadcopter and Geometry

zM

xM

yM

rINS,M

rL,M

ro,M

M = Local Level Map
Coordinates
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Object in LiDAR Sensor Coordinates
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Sensor: Spherical to Cartesian

Source: Velodyne Inc.

𝒓𝑳 = 𝒓, 𝜽, 𝝋 𝑳 = 𝒙, 𝒚, 𝒛 𝑳

rL

𝑥 = 𝑟 sin 𝜃 cos𝜑
𝑦 = 𝑟 sin 𝜃 sin𝜑
𝑧 = 𝑟 cos 𝜃

𝜑

𝜃

x

y

z
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Object in LiDAR Sensor Coordinates

zM

xM

yM

xL

yL

zL

xINS

yINS

zINS

bL,INS

rINS,M

GPSINS

LiDAR Mapping Equation

ro,M=rINS,M + 𝑀𝑅𝑰𝑵𝑺(𝐼𝑁𝑆𝑅𝑳 ∙ rL + bL,INS)

rL

ro,M



Local Level (Map) and ECEF

Earth Centered
Earth Fixed

(ECEF)

Local Level (MAP)
(ENU)



Local Level (Map) to ECEF

Diagram: Wang, Huynh, Williamson

ro,ECEF=𝑬𝑪𝑬𝑭𝒇𝑴(r0,M ,rorigin,M)

Local Level (MAP)
(ENU)

Earth Centered
Earth Fixed

(ECEF)
<x,y,z>



ECEF to Geodetic (Lat, Lon, Alt)

Diagram: Wang, Huynh, Williamson

ro,LLA=𝑳𝑳𝑨𝒇𝑬𝑪𝑬𝑭(r0,ECEF , Datum)
Geodetic

Coordinates
<Lat, Lon, Height>



LiDAR data: Georeferenced

<34.5 N, 115W, 245 m>

NSF data



LiDAR Range Extraction and Georeferencing

 Utilizes Estimation and Detection theory

 Methods of optimal detection

 Wonderful application of 

 Statistics, probability, and linear algebra

 Involves Geodesy

 Mappings between world referenced coordinate systems
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